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Abstract 

In |IMT| . we study the etale cohomology group W of irreducible components, with each 
having an affine model X'' +X = ^y^^ +c with ^ £ and c G Fg, in the stable reduction 
of the Lubin-Tate curve X{-k'^). Then, W is considered as a GL2{Of /tt^) -representation 
and relates to unramified cuspidal representations of GL2(-F) of level 1. In this paper, we 
study a relationship between W and the etale cohomology groups of some Lusztig varieties 
costructed in [Lus| and [Lus2| . 



1 Introduction 

Let F he a non-archimedean local field with ring of integers Op, uniformizer tt and residue 
field ¥q of characteristic p > 0. We write F for an algebraic closure of F,. Let F denote an 
algebraic closure of F and C its completion. Roughly speaking, the Lubin-Tate curve A'(7r") is 
the generic fiber of the deformation space of a formal Oi^-module of height 2 over F equipped 
with the Drinfeld level 7r"-structure. Namely, X{7t") is a rigid analytic curve. In |IMT| . we 
compute defining equations of irreducible components in the stable reduction of the Lubin-Tate 
curve X[-k'^), and study the etale cohomology group of some components as a representation 
of a product of := G\j2{0 p / t^'^) , the central division algebra over F of invariant 1/2, 
and the inertia group Ip- For n > 1, let be open compact subgroups of O^. We put 
:= C^/U"^ and G x x Ip. 



We set 



©S := {(2^0,2/0) e F2 I ^= xly^ ~ x^yl G F„^ xf-^ = y(-' - -1}. 



Then, we have \ = |GL2(Fg)| = q{q - l){q^ - 1). For i = {xo,yo) G 6o2^ let X^ denote 
the smooth compactification of an affine curve X'^ — X = ^(y^t^+i) — Each curve Xi 

has q connected components and each component with genus q{q — l)/2 has an affine model 
X"^ + X ^ + c with some c G F^. In the stable reduction of X{ti'^), the components 

{Xi} appear, which is proved in [IMT| . We set 



I^:= i/i(X„Q,) Ci?i(<Y(7r2)c,( 
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with a prime number I ^ p. Apriori, the prodcut group G acts on the curve A'(7r^)c on the right, 
and hence on the etale cohomology group H^{X{Tr'^)c,Qi) on the left. See |Ca[ Section 1] for 
more details. Then, the subspace W is stable under the G-action. In [ IMT) 7.2], we analyze W 
as a G-representation. Let E/F denote the unramified quadratic extension. Canonically, the 
group O3 contains F := (O^/tt^)^ as a subgroup. For any finite extension L/F, let Wl denote 
the Weil group of L and II the inertia subgroup of Wl ■ Then, we have the Artin reciprocity 
map : W^^ ^ normalized such that the geometric Frobenius goes to a prime element 
under this map. We have the restriction : If^ — > O^. Hence, in particular, the map a^ 

induces the following map Ip — — — — > F, which we denote by a^. Then, the 
inertia group Ip acts on W by factoring through the map a^; : Ip ^ T. Hence, the restriction 
^Icf x{i}x/j^ can be considered as a Gf" x F-representation, which we denote by Wi. Let W2 
denote the restriction VFlgF^rxji}- 

Let G be a connected reductive algebraic group over F with a given F^-rational structure 
with associated Frobenius morphism F : G — >■ G. For n > 1, in |Lus) and |Lus2] . G. Lusztig 
constructs an affine algebraic variety over F, with G(0_F/7r")-action and some torus T{Op/tt")- 
action, whose etale cohomology group realizes some irreducible representations of G{Op/tt"-). 
These representations are attached to characters of T{Op/Tr") in general position. The works 
[Lusj and |Lus2j are generalizations of the Deligne-Lusztig theory [DLj over finite fields to 
finite rings Op/n". In this paper, we call the variety over F the Lusztig variety for G{Op /tt"^). 
Specialized to a case S2 '■= S\j2{0 p / ir"^) , Lusztig gives an explicit description of the Lusztig 
variety of dimension 2 for S2 and studies its cohomology groups in [Lus. Section 3]. In the 
cohomology groups, all unramified representations, in a sense of [Shal p. 37], occur each one 
with multiplicity 2. Hence, we call the variety the unramified Lusztig surface for 82- 

In this paper, we will study the affine unramified Lusztig surface X for Gf" in the same 
way as in ^Lus^ Section 3]. The surface X admits an action of a product group Gf" x F. Then, 
we investigate the etale cohomology group H^{X, Q;) as a Gf x F-representation in the same 
way as in loc. cit. As a result, we show that a direct sum pdl of all cuspidal or unramifed 
representations of Gf", in a sense of [Sta| . appears as a G^-subrepresentation of H^{X, Qi). By 
using the explicit description of H'^{X,Qi) as a Gf'-representation and the analysis of W in 
[IMTj , we prove that the G2 x F- representations Wi and W2 mentioned above are written with 
respect to pdl- See Proposition 14.11 for precise statements. In other words, the representation 
W gives another cohomological construction for unramfied irreducible representations of G|^. 
For S2 , we obtain the same things as Gf. See Remarks 13. 41 and 14. 31 for more details. In section 
[51 we write down the Lusztig curve Xp) for Cg and study its cohomology group as a 
O3 X F-representation. The Lusztig variety for the group of reduced norm one in a central 
division algebra of invariant 1 /n over F is explicitly described in \LuSi Section 2] . We consider 
the product X := AT x Xp). Then, this variety X admits an action of Gf x O3 x F. Hence, 
the etale cohomology group H^(K, Qi) is considered as a G-representation through a surjective 
map G — Gf x x F. As a result of the analyses of H^{Xd,Qi) as a Og x F-representation 
in Lemma [QI and H^{X, Qi) as a Gf x F-representation in Proposition l3.H we show that W is 
contained in i/^(X, Q;) as a G-subrepresentation in Theorem l5.2l See also for a connection 
between the non-abclian Lubin-Tate theory of level 1 and the Deligne-Lusztig theory over finite 
fields. 

Notation . We fix some notations used throughout this paper. Let _F be a non-archimedean 
local field with ring of integers Op, uniformizer tt and residue field of characteristic p > 0. 
We identify {Op/tt"^)^ with x F, by ao + oitt (oq, (ai/ao)). Let E/F be the unramified 
quadratic extension and Op the ring of integers. Of course, the residue field of E is equal to 
¥g2. Let T e Ga\{E/F) be a non-trivial element. Let F denote an algebraic closure of F^. We set 
G^ GUiOp/n") and := SUiOp/ir") for n > 1. Let D be the central division algebra 
over F of invariant 1/2. Let On denote the ring of integers of D, and ip a prime element of D 
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such that Lp^ = TT. Then, we have Od = Oe © <pOe with Lpa — a'^ip for a G Oe- Furthermore, 
for n > 1, let C/^ denote the open compact subgroups 1 + {(f") oi . We set := O^/U^. 
Let Nrd£)/_F • F^' denote the reduced norm of . For any finite extension L/F^ let 

Wl denote the Weil group of L and II the inertia subgroup of Wl- Then, we have the Artin 
reciprocity map a/, : Wf^ — > normalized such that the geometric Frobenius goes to a prime 
element under this map. Then, we have the restriction sll : if^ . For a finite extension 

L/K, we have slk = Nr^//^ o sll- H X is an affine algebraic variety over F and r > 1, we set 
Xr := X(F[[7r]]/(7r'')). For a prime number I ^ p and a finite abelian group M, we write 
for a character group Hom(M, ). For a representatin tt of a finite group G over Qj, we write 
TT^ for its dual. For any variety Y/F with an action of a finite abelian group and any character 
w of that finite group, let Q;)^ denote the subspace of _ff^(Y,Q;) on which the finite 

group acts according to w. 



2 Cuspidal representation of 

In this section, we briefly recall deflnitions of cuspidal representation of Gf^, and strongly 
primitive character of a torus F := (O^'/tt^)^ in Definitions 12.11 and 12.21 which are due to 
[AOPSi 5.1 and 5.2], [OSH 6.2], [Stal p.2835] and [Sta2] . A cuspidal representation of has 
degree q{q — 1), and there exist q{q — l)(g^ — l)/2 cuspidal representations up to equivalence. 
These cuspidal representations are parametrized by strongly primitive characters of a maximal 
torus F C Gf . See Remark OS for more details. 

First, we prepare some notations. Let m : Gf" — ^ Gf be the canonical surjection. We 
write g for the image of g S Gf by the map m. We set N := Ker m. Then, the group N 
is isomorphic to an abelian group M2{¥q). All irreducible representations of Gf occur as an 

irreducible component of the induced representation Indjy^ (<i>) with some character $ e A^^. 
We fix a non-trivial character 77 e F^. Then, we have the following isomorphism 

M2(F,) N"" ; 13 ^ {rjp : h ^ 77(TrM,(F,)/F,(/3^"'(/» - !)))• (2.1) 

For example, see |Sta2[ Section 2] for more details. The group Gf acts on N'^ by conjugation. 
For $ G N'^, let T($) denote the centralizer of $ in Gf . Then, T($) is a torus of Gf . Let 
N{^) := T{^)N. Then, N{^) is the stabihzer of $ in Gf . By the Clifford theory, any irreducible 
representation U of N{^) such that <i> C U\n is of the form 5'^,$ : 

for t e T($),n e A^ where 1/' € T{^y and satisfies i/'|T(*)nAf = $|T($)nAf- See |Sta2[ Theorem 
2.1] for more details. 

Definition 2.1. Let p be an irreducible representation of Gf . We assume that p does not 
factor through Gf . We call p cuspidal if p is equivalent to Indj^^^^j (5'^,$) with <i> = 77^ in (|2.ip . 
and P is conjugate to the following 

where X^ — sA + A is an irreducible polynomial in Fq[A]. 

We also call cuspidal representation of Gf unramified. 

Definition 2.2. ( [AOPSi 5.1]) We call a character 7/; of F = (O^/tt^)^ strongly primitive if 
the restriction of t/j to a subgroup Fg2 ~ Ker (F — ^ (O^/tt)^) does not factor through the trace 
map Trr ^/f, : F,2 -> F,. 
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Remark 2.3. 1. For SL2, a similar definition to Definition 12. II is found in |Shal p. 37], 

2. The dimension of the cuspidal representation of is equal to q{q — 1), because we have 
[G^ : N{^)] = q{q - 1) if $ is conjugate to (j^ . 

3. The definition 12.11 of cuspidal representation of Gf" above is equivalent to a definition of 
strongly cuspidal representation in |Onn] or [AOPSj . Descriptions of strongly cuspidal repre- 
sentations are given in jOnni 6.2] and |AOPS[ 5.2]. Then, as stated in AOPS, Theorem B], 
there is a canonical bijective correspondence between strongly cuspidal representations of G2 
and Gal(i?/-F)-orbits of strongly primitive characters of T. Therefore, the number of cuspi- 
dal representations matches the number of Galois orbits of strongly primitive characters of F. 
Hence, there exist q{q — l){q^ — 1)/2 cuspidal representations up to equivalence, which is pointed 
out in |Onn[ 6.2]. 



3 Unramified Lusztig surface for G2 and its cohomology 

Hi 

In this section, we recall the Lusztig theory in [Lus] and |Lus2) . specialized to the case Gf^. 
The papers [Lusj and jLus2j are generalizations of the Deligne-Lusztig theory over a finite field 
to finite rings Op/tt"^ with r > 2. Let G be a reductive connected algebraic group over F with 
associated Frobenius map F : G ^ G and T is a maximal torus of G. Roughly speaking, the 
Lusztig variety for G{Op/tt'^) means some variety over F with G^Op/ir^) x r(C'i?/7r'")-action, 
and its ^-adic cohomology groups give a correspondence between characters of T{Op/iT^) in 
general position and some irreducible representations of G{Op/it'^). A concrete description of 
the Lusztig surface for S2 is given in |Lus| section 3]. In this section, in the same way as in loc. 
cit., we explicitly describe the Lusztig surface for Gf and the etale cohomology group H"^ of 
it. The cohomology group realizes all unramifed or cuspidal representations of G2 introduced 
in Definition 12.11 See Proposition 13.11 and Corollary 13.21 for more details. Arguments in this 
section are almost same as the ones in loc. cit. 

In the following, we assume that p is odd and 

char _F = p > 0, or, char F = and epm > 2. (3-1) 



Let i^""^ be the maximal unramified extension of in a fixed algebraic closure of F. A :— 
Opur/{Tr'^). Then, by the assumption dm]), we have A ~ F[[7r]]/(7r2). Define F : A A hy 
F(ao + fliTr) — + a\'K where ao,ai 6 F. Let be a 2-dimensional F-vector space with a 
fixed Fg-rational structure with the Frobenius map F : V ^ V. Let e, e' be a basis of V . Let 

G := GL(F). We identify G ~ GL2(F) by g " ^ ) with eg = ae + ce', e' g ^ be + de' . 

Then, G also has a F^-rational structure with the Frobenius map F : G G such that 
F{vg) = F{v)F{g) for g € G,v € V. We put V2 := V (X)f A. Clearly, V2 is a free A-module of 

rank2. Letr:={( ^J,'') ° ) } C G and C/ := { ( J ^ ) } C G. Let := ( J). 
We define as follows 

X:^{ge G2 I F{g)g-' € U2V}, (3.2) 

which we call the unramified Lusztig surface for G2 ■ Then, Gf" acts on X on the right. This 
definition is not equal to the one in [Lusi 3.2]. To obtain a left Gf'-action on the cohomology 
group of X, in p.2p . we slightly modify the definition in loc. cit. By a direct computation, we 

check that, for g G Gf , the condition F{g)g^^ e U2V is equivalent io g — ^^^^ ^ 

with some x, y e A and dei{g) £ {Op/ii'^)^ . We set 

r 6 I tF{t) £ T[]. (3.3) 
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Let T B t act on X by 5 i-^ t~^g. Then, the group F is isomorphic to the following {{qq, ai) G 
I ao € F^2, OqAi + aoal £ F^}. Hence, T is isomorphic to a group (Oe/tt^)^ 3 ao + aiir of 
order 0^(0^ — 1). In the following, we fix the identification F ~ (Ob/tt^)^ . We define a subgroup 
A' {1 + TTfli I af + ai = 0} C F. We put 

&:={xeV2\ xAF{x) e (C'F/7r2)''(e Ae')} 

with a right Gf'-action a; 1-^ xg. The group F acts on & by the inverse of scalar multiplication. 
Then, as in |Lusl 3.4], we have an isomorphism l : X & ; g 1-^ e'g, which is compatible 
with the G2 X F-actions. We write a; = xe + ye' € & with x = + xiir and y = Ho + Vit^- 
Then, we have the following isomorphism by a direct computation 

6 ~ {{xo,xi,yo, yi) e F* | xoVq - x^yo G , xiy^ + xoyf - x^yi - xlyo G F,}. (3.4) 

Let A = ao + ttai G F. Then, acts on & as follows 

A"^ : {xa,xi,yo,yi) {aoXo,aiXo + aoXi,aQyo,aiya + aoyi). (3.5) 

Let q — I "0 + '^i'^ j° ^ j^'^ I e Gn . Then, the element q acts on & as follows 

5 : (a;o,a;i,yo,2/i) (aoa;o+coyo, aia;o+aoa;i+ciyo+co2/i, &oa;o+doyo, feia^o+^oa^i+c^oyi+diyo)- 

(3.6) 

Let / ^ p be a prime number. In the following, we analyze the etale cohomology group 
H^{X,Qi) on the basis of arguments in |Lusl Section 3]. To do so, as in loc. cit., we consider 
the following fibration to the Deligne-Lusztig curve ©0 := {{xo,yo) G F-^ | xoj/g — x^yo G F^} 
for Gf 

k:6 — ©0 ; {xo,xi,yo,yi) ^ {xo,yo). (3.7) 

Then, we have n{xg) = n{x)g for all a; G © and g G G2 ■ The fiber of k is stable under the 

action of A' by (|3.5p . Let ©qq C ©0 be the closed subset defined by Xq — Vq = ^1- The 

set ©QQ is stable under the action of , and its action is simply transitive. Hence, the set 

©QQ consists of |Gf I = q{q — l){q^ — 1) closed points. We set ^ :— x^y^ ~ xoJ/q. Furthermore, 
we put as follows 

So := vlxi - xlyi, si := -^"^(a;Qyi - a;i?/o), h := x^yl - xl yo- 

Then, the fiber K^^((a;o, j/o)) for {xo,yo) G ©0 is identified with the following, by a direct 
computation, 

{(so, si) e F^ I si + so + slto G FJ. (3.8) 

^ — 1 ^ — 1 

For {xo,yo) G ©0, a^o = Ho ~ equivalent to Iq — 0. First, let {xQ,yo) G ©01 ■— 

©o\©oo • Then, we have to ^ 0. Hence, by p.8|) . the fiber k^^((xo, yo)) is a disjoint union of q 
affine lines. Secondly, we have the following identification again by p.8p 

©*:=K-i(©0(S)^{(xi,yi)GF2 |xiy«-a;gyi=so} ^ x ~ x F,2 x ©„^ . 

(3.9) 

Furthermore, ©» is stable under the actions of Gf and F. We write down the action of Gf and 

F on the fiber space ©* under the identification p.9p . For 9 = co + ciC do + di7r ) ^ ^2"' 
we set 

/(i,5) := {{aixo + ciyo)iboXo + doyoY - {aoxo + coyo)''(^ia;o + rfi2/o)} e Fg2. (3.10) 
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Note that, if g S 5*^ , we easily check f{i,g)'^ + fihd) = 0- Then, g acts on sq G F^2 in p.9p as 
follows, by p.6p . 

g : So det(g)so + (3-11) 



On the other hand, by p.Sp . an element A = ao + aivr G F acts on sq G Fg2 as follows 

A : so ^ ao (so + (ai/ao)0- (3-12) 

We have the following long exact sequence 

• • • ^ Hi{K-\&oi),Qi) ^ i?^(©,Q,) ^ HliG^Mi) ^ • • ■ • (3.13) 

The action of A' on k^^((3oi) preserves each connected component of each fiber of the map 
K : K^^{&oi) — !■ &oi. Hence, A' acts trivially on i7^(K^^((3oi),Q;) for all j. Therefore, by 
p.l3p . the restriction Hi{&,Qi) — > i?^(©*,Q;) is an isomorphism on the part where we have 

SagA' = 0. Since is an affine line bundle over Sqo x ^^2, we acquire an isomorphism 

ff2(e„Q,) ^ H°{Gli X F,2,QJ. (3.14) 

Note that we have dim H'^{&^,Qi)^>-(^a' = q'^{q - lf{q'^ - 1). 

In the following, we will prove that the etale cohomology group H^{X, Qi) contains all cus- 
pidal representations of each one with multiplicity 2 in Corollarv 13.21 More precisely, the 
part Q;)^^e.4' "^^^ = -ff^(6*, Q;)^^e.*' "^^^ is the direct sum of aU cuspidal representa- 

tions each with multiplicity 2 similarly as in jLusl subsection 3.4]. The part H'^{X ,Qi)m is a 
cuspidal representation if wIa' 1, which we will give a proof in Proposition 13.11 later. Note 
that w G such that wj^' ^ 1 is a strongly primitive character in Definition 12.21 



To describe H^{X ,Qi)^>-^^' ^ °, we define a G2 x F-representation pDL. We consider 
as a subgroup of F^2 by Tr^ ^ /f, ■ ^'^^ ^ character ip G F^a and a G F^2 , we write ipa G F^^ for 
the character x ip{ax). We set as follows 

Vp-= ^ Qle^..i,. (3.15) 

Then, clearly we have dim Vp — q^{q — l)'^{q^ — 1). We define an action of Gf x F on the 
space Vp. Let g = "'^ ^° ) G Gf . Let i = {xq, yo) G . We set ig (ao^o + 

coyoj ^02^0 + douo) G ©00 • R-ficall f{i,g) in p.lOp . Then, we define a Gf'-action as follows 

G23g: ei,^ Vdot(g)(/(«,5"^))e»g-i>i,,(g). (3.16) 

Note that the Gf -action p. 161) on Vp is a left action. Let t = aa + oitt G F. We set t"^i 
(aoa;o, ao2/o) G ©oo ■ Then, we define a F-action as follows 

r 3t : e^,^ ■0(-(ai/ao)C)et-i^,^ . (3.17) 

"0 

We denote this representation by poL. Let F^^p C F^ be the subset of strongly primitive 
characters in Definition 12.21 Then, by p. lip . p.l2p and p.l4p . we acquire an isomorphism 
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as a X F-representation. 

In the following, we give a more concrete description of the part _ff^(X,Q;)^, for each 
w € r^p. To do so, for each w € T^tp, we will define a cuspidal representation tt^ as in }AOPS| 
5.2]. Now, we fix an element (o G Fq2\Fq and an embedding 

tCo.r^{OE/nY-^G2 (3.19) 

a + bCo^al2 + b(^ I ^ 

with a, 5 e {Of/tt^)- We identify F ~ F^2 x by ag + ain n- (ao, (ai/ao)). For a character 
■0 € IF'^2\F^ and an element ^ G Fg2\Fq, we define a character -0^ of by the following 

\ nci 1 + Trdi J ^ \ C — C / 

Then, by p.l9p . the restriction of £ N"^ to a subgroup Fg2 = F n iV C is equal to ^p- 
For a strongly primitive character w — (XiV') G F^ ~ (II^g2)^ x F^a i.e. "0 ^ F^, we define a 
character w of FA^ = F^siV by 

= x(a;)'0Co(") (3-20) 

for all x e F^2 and u € N.We set 

TT^ := Indp^(w). 

Then, tt^, is a cuspidal representation of by Definition 12.11 Recall that we have dim ttw = 
q{q — 1). See [AOPSi subsection 5.2] for more details. 

Again, we consider the G^ xF -representation puL- In the following, we give a decomposition 
of Vp to irreducible omponents. To do so, we define several subspaces {I^mj^jgr^j of Vp, and 
prove Ww ~ TT^ X u; as a Gf x F -representation. We choose w G F^^p and write w — {x, ip) 
with X G (^q2y and V & 1F^2\F^. We fix an element yo £ F such that yf~^ = -1. For each 
C G Fq2\Fq, we define a vector of Vp in p.l5p 



and set := Q;e^ C Vp. Furthermore, we put 

W^:= WicVp. 

CeF,2\F, 

We can easily check the following isomorphism 

T/p~ (3.21) 

as a Qi -vector space. For an element 9 — + llw do + ^itt ) ^2"' obtain the following 
by (PIB 

g e, = xiboC + rfo)^det(,)-. [- _ ^) j ^igc^- (3-22) 

Note that /((CM2/o,Myo),5)/(Myo)'^^^(C' ^ C) is independent of ^. Hence, in particular, we 
obtain ge^ = ^^\g)e^ ioi g £ N and te^; = X^^it)e'^„ for t G F^^ C F C Gf . On the 
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other hand, by (I3.17|) . we can easily check te™ = w{t)e'^ for t ^ T. Hence, by (13.221) . is a 
Gf X F-representation. By (|3.22p . the stabilizer of the subspace in is equal to FN. 
Moreover, we acquire VF!^'^ — w as a PA^-representation. Since G2 permutes the subspaces 
{^ii}ceF,2\F, transitively again by p.22p . we obtain Ww ~ tt^ w as a Gf x F-representation. 

Now, we have the following proposition. 

Proposition 3.1. Let the notation be as above. Then, we have the followings ; 

1. The following isomorphism as a G2 -representation holds 

2. We have the following isomorphism 
as a G2 X T -representation. 

Proof. The required assertion 2 follows from (j3.21l) and the isomorphism ~ tt^ ® w as a 
Gf X F-representation. Therefore, we conclude that i7^(X,Q;)^ ~ tt^ by ()3.18p . Hence, the 
assertion 1 is proved. □ 

As a direct consequence of Proposition 13.11 we obtain the following corollary. 

Corollary 3.2. The representation poL contains all cuspidal representations each with multi- 
plicity 2. 

Proof. Let t ^ 1 G Ga,l{E/F). Then, we have G|^-representation as mentioned 

in Remark 12.31 3. Hence, the required assertion follows from Proposition l3.1l 2. □ 

We call pdl the unramified Lusztig represenation for Gf. 

Remark 3.3. We study the part of Hl{X,Qi) where A' acts trivially. Clearly, we have 
Hi{X,Qi)^'^^ ^ Hl{A'\&,Qi) for any j. By & is identified with {(xq, 2/0, sq, si) G 60 x 

I si So -\- slto G Vg}. Then, A' 3 l + ain acts on 6 by (xq, yo, so, si) ^ (a^o, 2/o, + ai, si). 
Hence, the quotient A'\& is isomorphic to a disjoint union of q copies of ©0 x ■'^^ 3 ((a^o, J/o), si)- 
We denote by ^2 the composite Gf {Of/t^"^)^ ~ xF, ^ F,. We write t2 for the composite 
F ~ F^2 xFq2 F,2 ^ Fg. Then, on the set Fg 3 i of connected components of A'\6, xT 3 
{g,t) acts by i ^ d2{g)t2^ {t)i . We put iVP := iJ^(6o,Q;). On AP, the group Gf x F acts by 
factoring through Gf x F ^ Gf x F^^ • Recall that the group Gf x F^'i 9 (5 = ( "° ) , C) acts 

on ©0 3 {xo,yo) by g : (xo,yo) '-^ {aoxo + coyo,boXQ + rfo2/o) and ( : {xo,yo) ^ {C~^xo,C~^yo)- 
Then, we obtain an isomorphism Hi{A'\6, Qi) ~ 0^gFv ®x°^^2 ^X"^ 0^2) as a G^ x F 

-representation. Hence, in particular, on the part H^{X ,Qi)^ the classical Deligne-Lusztig 
correspondence for Gf realizes. 

Remark 3.4. Let S := SL2(F) and iVo := Ker {S2 S[). Clearly, we have an isomorphism 
No — {g & M2(Fg) I TrM2(F,)/F<,(5) = 0} as a group, and hence iVo is an abelian group of order 
q^. As in |Lusl 3.2], we consider the Lusztig surface Xo ■= {g & S2 \ gF{g)~^ £ U2V} for 5f . 
More explicitly, Xq is isomorphic to the following 

©" := {{xo,xi,yo,yi) G F"* | xoyl - x^yo = 1, xiy^ + xoyl - xlyi - x\yo = 0} 



8 



as in (13.41) . In this case, the torus F is replaced by Tq :— {(ao,ai) £ | a^^^ = 1, a^ai + 
Goal = 0} of order q{q + 1) as in (LmI 3.2]. We put I := Ker (Trr^^^/F, : F,). Then, 

obviously, we have isomorphisms Tq ~ Ker (NrE/F ■ T (Of/tt^)^) and ^' ~ I as an abelian 
group. Furthermore, Fq contains A' as a subgroup. For a character w G Fq, we say that 
w is primitive if 7^ 1- Let Fq p C Fq be the subset of primitive characters. Obviously, 
we have a natural surjection F^^p — Fq p. Then, the variety Xq admits an action of S2 x Fq 

and the etale cohomology group H^{Xo,Qi) does so. Let p^L denote the S'j^-representation 
H^{XQ,Qi)^^eA' ^=0^ js^Q^g ^i-^g^^ j^g^yg jjjj^ ^0^ ^ ^ _ (^^2 _ r^j^g restnctiou of i<^o in 

p.l9p to a subgroup Fo induces an embedding Fq ^ S2 by det o = Nr^/^- Any character 
w G Fqp extends to the character of TqNq uniquely as in (I3.20p . which we denote by the 

same letter w. Then, we define ttJJ, :— Indp^^^(w). This representation is also called a cuspidal 
representation of S2 in |Sta[ 3.1] and all cuspidal representations arise in this way. See also 
[Shal 4.2]. In jSha l p. 37], a cuspidal representation of S2 is called an Mnrami/ied representation. 
All cuspidal representations have degree q{q — 1) and the number of them is (g^ — l)/2 by loc. 
cit. Similarly as in Proposition 13. 1[ we have the following isomorphism 

Hence, as proved in |Lus| 3.4], the representation contains all cuspidal representations of 
S2 each with multiplicity 2. 



4 Review of plTl 7.2] 



In this section, we recall the results in |IMT[ 7.2] and prove ProDOsition l4.1l bv using the results 
in the previous section. Let (3qq be as in the previous section. For i = {xq, yo) G ©oo ' 
^ :— XqUo — xoVq- Then for each i G ©qq , let Xi denote the smooth compactification of the 
following affine curve XI - X ^ ^(y9(9+i) _ Then, Xi has q connected components 

and each component has genus q(q — l)/2. In loc. cit., we prove that the components Xi for 

i S 6qo apppear in the stable reduction of the Lubin-Tate curve Xij:"^). Furthermore, in loc. 
cit., we analyze the following etale cohomology group 

W^:= H\X,Mi)- (4.1) 



Then, W has a left action of G := Gf x x Ip. We consider F as a subgroup of Og . We will 
observe that the restriction of to a subgroup Gf xFx{l}cGis related to the unramified 
Lusztig reprensentation pdl computed in the previous section. The restriction VF|gFx{i}x/j7 
is also written with respect to poL. See Proposition 14. II for precise statements. 



As in the previous section, we assume p.ip . Since we have |6qq | = |Gf | = q{q^ — \){q — 1) 
and dim _ff^(Ari,Q;) — q^{q - 1) for each i, we have dim W — q^{q - lY{q^ - 1). In the 
following, we write down the right action of G on the components {A"i} ^.x given in loc. cit. 

This action induces the left G-action on W as mentioned above. First, we recall the action of 

G2 ■ Let 5 — CO + ci^^ do+di7T ) ^ ' '^i^*^^' 9 ^'^^^ '^'^ ®oo follows, factoring through 

Gf, 

g: i -.^ {xo,yo) ^ ig {aoxo + coyo,boXo + doyo). (4.2) 
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Furthermore, g induces the following morphism 

g:X,^ ; {X, Y) ^ {det{g)X + f{i, g), Y) (4.3) 

where f{i,g) is defined in (|3.10p . Compare (|4.3p with (|3.11l) . Secondly, we recall the action of 

Og . Let b — ao + ^pbo + nai e Og with ag G F^2 and ai,feo G ^q'^- Then, b acts on ©qq as 
follows 

« = (a;o, yo) i-^ i6 := (af^^xo, Oq Vo)- (4.4) 
Moreover, 6 induces a morphism 

X, ^ ; {X, Y) ^ (flo ^^+^' {X - (6oao + (aiao"')0 ' - (fooOo ■ 

In particular, the element t := oq + ttoi G F C Og acts as follows 

X, ^ ; (X, Y) ^ (flo ('+^' (X + (aiflo i)C) , a^" V) . (4.5) 

Compare this action with p.l2p . Thirdly, we recall the inertia action Ip. We define a homo- 
morphism 

as-.lF^ If ^ If F ~ F^^, x¥g2 ; {({t), A(a)). (4.6) 

Then, a ^ Ip acts on ©qq as follows 

(xo, yo) ^ := (C(fT)-ixo, C('t)"'2/o). (4.7) 
Moreover, cr induces a morphism 

X, ^ X,, ; {X, Y) ^ (C(ct)-(^+i) (X + X{a)0, Y). (4.8) 

The product group Fq2 x /^g+i 9 (a, () acts on X^ with i G ©qq by {X,Y) ^ {X + a, (F). 
Then, we can decompose H^{Xi, Qi) to a direct sum of some characters of F^2 x /ig+i as follows 

(4.9) 

XoeM^+i\{l}V'6F^2\If^ 

See [IMTI Corollary 7.5] for a proof of (|4.9p . By (|4.9p . we acquire the following isomorphism 

w^- 

(4.10) 

as a Qj-vector space. Explicit descriptions of the G-action on the right hand side of (|4.10p . 
which is induced by the G-action on W, are given in (IMT[ (7.17)-(7.19)]. Now, we write down 
them. We have the following Gf-action 

Gi 3 g : ej,^,xo ^ V'dct(g)(/(i,ff"^))eig-i,v-d„t(g),xo (4-11) 
and the following action of F C Og 

T 3 t = gq + aiTT : e^,^,^^ i-^ V(-(ai/ao)OXo'^(^)e»t-i,V ,xo- (4-12) 
Furthermore, we have the following /i?-action 

IF^<y ■■ e,,v.,xo ^ V'(-A(cr)Oej<,-i,^^^_^^_(,^,),xo- (4-13) 

These descriptions of the G-action are almost direct consequences of the G-action given in 
(|4.2p - (|4.8p . Now, we have the following proposition. 



10 



Proposition 4.1. Let : F — S- fiq+i be a surjective homomorphism defined by aQ + aiir ^ Oq" . 
For a character xo G /ig+i, we denote by the same letter xo for the composite Xo ° G T^. 

1. Then, we have the following isomorphism 

W"lGfxrx{i}- {PDL'^Xo^) 
xoeM^+i\{i} 

as a G2 X T -representation. 

2. Let pdl denote the inflation to G2 x If of the G2 x T -representation /Odl by a map id x sle ■ 
G2 y. If ^ G2 X r. Then, we have the following isomorphism 

W^lcf x{l}x/^ - (pdl)®« 

as a G2 X If -representation. 

Proof. The required assertions follow by comparing the Gf x F-action p.l6p and p.l7p on Vp 
([XT5)) with the G-action on W given in (|lJT|) - (|lJ^ . □ 

By Proposition UjTl we acquire the following corollary, which is proved in [IMTI Proposition 
7.6]. 

Corollary 4.2. fflMll Proposition 7.6]) We set H xT x Ip cG. Then, we have the 

following isomorphism 




as a H-representation. 

Proof. The required assertion follows from Proposition 13.11 and Theorem 14.11 immediately. □ 

Remark 4.3. Let the notation be as in Remark 13.41 We briefly remark that similar things to 
Theorem O] for 5f hold. We set Og''' := Ker (Nrd^i/F : {Of/tt'^V). Then, obviously, 

we have a natural inclusion Fq '-^ Og'^ by Nrd/j/^jr = ^ve/f- We write slf for the composite 

If If -^^ Op {Of/tt^V. Then, we set Ker {blf : If -> {Of /n'^ Moreover, 

the restriction of the map (|4.6p to a subgroup Ip induces a surjection a'^ : Ip Fo by 

aF = ^te/f o ae. Let 600 := {{xo,yo) S | xoy^ - x'^yo = 1, ~ =yl~ = -1}. Then, 
we have |Soo| = I'S'f | = q{q^ — 1). For each j G ©qoi let Xj be the smooth compactification of an 
afHne curve X'' + X + Y''^^ = with genus q{q — l)/2. Then, a product group I x fiq+i 3 (a, Q 
acts on Xi by {X, Y) 1-^ {X + a, (Y)- Then, we consider 

Wo -.^ ^ HliX^Q,) ^ ^ Q,e,-^,^„ 

j6©oo je&oo xoeM^+i\{i}'/'e2:''\{o} 

where the second isomorphism follows from jIMTl Lemma 7.4]. Note that we have dim Wq = 
q^{q—l){q^ — l). As mentioned in section[31 f{i, g) in (I3.10|) is contained inl if g e 82- Similarly, 
for a e Ip, we have C(o')'^^ = 1 and A(cr) G I. For b — ap + 1^960 + ai7r e 0\'^ , we have = 1 
and (bo/cLoY^^ = (ai/ap)'' + (ai/ao). Hence, a product group Gq :— S2 x 0\'^ x Ip acts on the 
components {Xijigeoo the same way as (I4.2p - (j4.8p . Therefore, Go also acts on Wq in the same 
way as (|4.1ip - (|4.13p . Then, for Wq, the same statements as in Theorem 14. II hold by replacing 
PDL by p^^. Namely, we have the following isomorphism Wo|s|-xrox{i} - ®xoeM^+i\{i}(^DL® 
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Xo^) a 5*1^ X Fq -representation. Let p^j^ denote the inflation of p^L ^'^ ^2 ^ -^f 
map id X sP^ : S2 y- Ip ^ S2 y- Lq. Then, we have an isomorphism VF0I5F xjijx/i — (Pdl)®'' 
as a S2 X /^-representation. Let Hp := S'f x Fg x C Go- Then, similarly as Corollary 
1121 we acquire an isomorphism Wo|ho — 0„grv US, ^ (0ygu^ \n> ^Xo ^) ® w o a^) as a 
Ho-representation. 



5 Main theorem and its proof 

In this section, we write down the Lusztig curve Xjj for O3 . The Lusztig curve Xo has an 
C3 X F- action. We study the cohomology group HI{Xd,1^i) as a O3 x F-representation in 
Lemma [01 We consider the product X := X x Xd with an action of G2 x Og x F. The etale 
cohomology group H^(X.,Qi) is considered as a G-representation via the map id x id x a^ : 
G — Gf X ©3 X F. Then, in Theorem l5.2l we show that W is contained in the etale cohomology 
group -ff^(X, Q;) as a G-subrepresentation. 

As a direct consequence of Corollary 14.21 we prove that the following isomorphism holds 

as a G-representation in |IMTi Corollary 7.7]. Here, with w = (x,"!/") G T^^p ~ (F^ )^ x 

(F^2\]F^) is an irreducible representation of Og of degree q, which is uniquely characterized by 

the followings p^\u = 1/'®'', Tr p^{C) = -x(C) for C & ^qA'^q: where we set U U^^/U^, 
¥g2 C O^. See |IMTl Corollary 7.4] and [BHI Lemma 16.2] for more details on p^. 

In the following, we recall the Lusztig curve for Og similarly as in |Lus2| Section 2]. Let 
:= ° Q ) g Gf . We define a morphism F' : G2 -> G2 by F'{g) = ip'F{g)ip'~\ We define 
as follows 

Xd {.g g G2 I F'{g)g-' g 
which we call the Lusztig curve for Og . The condition F'{g)g^^ g U2 is equivalent to g — 



1^ ^^(-j^^ j with X g A, y g F and det(.g) g {Of/t^ )'^- The fixed part Gj is equal to the 

following {[a, 60] ( ^^^^ ^^^j^^j ) I a g (F<,2 [[7r]]/7r2) >< , 60 g Fq2}. Hence, we fix the following 
isomorphism Gf" Og ; [a, 60] ^ a + ipbo. Then, the group Gf" x F 9 (6, acts on Xo 3 g 
by g Q ^ .9& on the right. We set as follows 

eo := {x g (O3 ®F,. F)x I Nrdc/F(x) g {Of/ttY}- 

The group Og x F 3 {b,t) acts on ©£> by x t^^xb. We acquire an isomorphism ©/j ^> 
; Xo + yoV' + ^ivr ^ ""nFiyo) F{xo+7rxi) )' which is compatible with the Og x F- 
actions. Let x = xo + yof + xin g ©p. Then, by Nrd£i/_F(x) g {Of/t^^)^ , we acquire xo g F^2 
and XqXi -f xqx^^ — j/q^^ g Fg. We set ^ Xq^^ g F^ . By changing variables as follows X — x^xi 
and Y = yo/a^o, we obtain X"^ + X - e F^. For each xo g F^2, let X^o denote the affine 

curve X'l — X = Xq"^^(F''*^'?+^-' — V^^^). Then, Xo is isomorphic to a disjoint union of — 1 
affine curves {Xx„}^ gj-x . Furthermore, by a direct computation, b = uq + ^bo + nai g Og 

induces the following morphism 

X^^-^Xao.o ■■ {X,Y)^{al+\X + {bo/ao)^Y + iai/ao)i),a'o-\Y + {bo/aoy)). (5.1) 
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On the other hand, T 3 t = gq + aivr induces the fohowing map 

X.o^^a-^.o ■■ {X,Y)^{a,^''+'\X-{m/ao)0,Y). (5.2) 

Lemma 5.1. Let the notation be as above. Then, we have the following isomorphism H^{Xd,Qi) — 
0^gpv (pw ^ w~^) as a Og X T -representation. 

Proof. Similarly as in section [Sj we prove the following isomorphism by using (j4.9p 
Hl{Xn,Qi)\r.r ^ (( wxo)^w-'^ 

as a r X F-representation. Thereby, for w = {x^"^) 6 T^^p, := HI{Xdj^i)w-^ satisfies 
p'"\u = and Tr ^""(0 = -x(C) for C e IFgA^F-z- Hence, we acquire p"" c± p^. □ 

Let X be as in section[3l Now, we consider the fiber product X := X x Xd- On this variety, 
x O3 X r X r acts. We restrict the F x F-action on X to a subgroup F ^ F x F : i i-)- (t, t~^). 
Then, the product x O3 x F acts on the variety X. Hence, let G act on X according to 
id X id X as : G Gf x x F. Now, we consider H^{^, Q/) as a G-representation. For each 
w G F^jp, let i/^(X, Q;)tu be the subspace of iJ^(X, Q;) on which Ip acts according to w o sle. 

Theorem 5.2. Let the notation be as above. Then, we have the followings: 

L For each w G F^^p, the following isomorphism holds -ff^(X, Qi)w — tt^ (S> Pw (E> w o sle as a 

G-representation. 

2. We have the following isomorphism 
as a G-representation. 

Proof. The assertion 2 follows from 1 immediately. We prove the assertion 1. Since 6, is an 
affine line bundle over a finite set, we obtain H^{X ,Qi)^>-eA' ^=0 ^ 7^1(6*, Q,)^AeA' ^=0 = Q. 
On the other hand, we have Hl{X, Q/)"* = by Remark [3.3l Hence, we acquire Hl{X, Qi) = 
0. Therefore, the following holds (X, ) ~ {X , Qi)(g>H^ (Xd , Q/ ) by the Runneth formula. 
Hence, for each it; £ F^^p, the part _ff^(X,Q;)^ is isomorphic to tt^ (g) pu, as a Gf' x Og- 
representation by Proposition l3 . 1 1 and Lemma l5.ll Therefore, the required assertion follows. □ 

Remark 5.3. Let the notation be as in Remark 14.31 Let Xq^e) '■— {.9 G 'S'2 | F'{g)g^^ e U2]. 
This is the Lusztig curve for Cg'^, which is computed in jLus21 Section 2]. Then, Xq,e is 
isomorphic to a disjoint union of q+1 copies of an affine curve X'^-\-X = , for which we write 
{Xxo}xoet^,+i ■ The group Og'^ xFq acts on {X^ol^^oe^^+i the same way as (|5?T|) and We 
set Uo := C/nOg' ~ I. Then, 

as in Lemmainm we acquire i/^(Xo.D, Q/) — ©tugr"^ ^) 
as a Og'^ x Fo-representation. Here, for w = (x, V') G ^o.p — Mq+i ^ (I^\{0}), p% is an 
irreducible representation of Og'^ of degree g such that p'i,\uo — V'®' and Tr p° (C) = ~x(C) 
for C e /iq+i\{l}. We consider Xq := Xq x Xq e with a rig ht S'f X Og^"" X Fo X Fq. We restrict 
the Fq X Fo-action on Xq to a subgroup Fq ^ Fo x Fq : t M- {t,t~^). By a surjective map 
id X id X a^; : Go — )■ S'J^ x Og'^ x Fq, i/^(Xo,Q;) is considered as a Go-representation. Then, 
similarly as Theorem l5.2l we have the following isomorphisms iJ^(Xo, Qi)w — 7r° ^ <8) o a^ 
for each w S Fp p and Wq ~ ©^.gp"^ H^{'Kq,Qi)w as Go-representations. 
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